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Abstract We describe radiative processes in Quantum Cosmology, from the so-
lutions of the Wheeler De Witt equation. By virtue of this constraint equation, the
quantum propagation of gravity is modified by the matter interaction hamiltonian at
the level of amplitudes. In this we generalize previous works where gravity was coupled
only to expectation values of matter operators. By a “reduction formula” we show how
to obtain transition amplitudes from the entangled gravity+matter system. Then we
show how each transition among matter constituents of the universe determines dynam-
ically its background from which a time parameter is defined. Finally, we leave the
mini-superspace context by introducing an extended formalism in which the momenta
of the exchanged quanta no longer vanish. Then, the concept of spatial displacement
emerges from radiative processes like the time parametrization did, thereby unifying the
way by which space and time intervals are recovered in quantum cosmology.
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1 Introduction
At present quantum gravity does not exist. However, we know that gravity induces
quantum effects. Particularly impressive examples are black hole evaporation[1] and
pair creation of massive particles in a cosmological situation[2]. Both results are derived
by treating gravity at a classical level. Only the matter fields propagating in the back-
ground geometry fluctuate quantum mechanically[3]. This asymmetric treatment raises
immediately the problem of how to take into account the backreaction of these quanta.
Indeed, by maintaining gravity classical, the backreaction can only be approximated by
the semi-classical treatment[4] in which the expectation value of the energy momentum
tensor acts a source of the Einstein equations, all fluctuations being ignored by gravity.
Besides the neglection of the corrections induced by gravitational loops, this asym-
metric treatment also relies on the hypothesis that gravity might be treated in the
background field approximation (BFA), i.e. gravity is described by a single classical
geometry which is insensitive to the individual quantum matter events it engenders.
In this respect, we recall the controversial[4][5][6] question concerning the role of the
“transPlanckian” frequencies occurring in black hole evaporation: In the presence of
these high frequencies, is it still meaningful to treat gravity at the BFA as supposed in
[1] or is the geometrical background also determined[7]–[11] by the final matter state ?
The main concern of this paper is to address the question of the validity of the BFA
and to determine the conceptual and quantitative changes when this approximation
is no longer valid. As a corollary, we shall show that the question of this validity is
directly related to the so-called “problem of time” in quantum cosmology, see for reviews
[12][13][14][15].
The determination of the validity of the background field approximation requires the
construction of a more quantum mechanical framework. Then, one should choose some
physical processes and describe them in both frameworks, i.e. at the BFA and in the new
framework. From both expressions of the transition amplitude of the same process, one
can determine under which circumstances the two versions coincide. In a first attempt
to question the validity of the BFA, this approach has been applied in [16][17][18][19] to
accelerated systems. In this case, what plays the role of the background is the classical
accelerated trajectory which is replaced by a dynamically determined wave function in
the more quantum mechanical framework.
In this paper, we apply the same techniques to quantum cosmology. In quantum
cosmology, the gravitational degrees of freedom are quantized, at least in some restricted
domain3 such as mini-superspace[20] or to a quadratic approximation as in [21]. We
use the mini-superspace framework to question the validity of the BFA by considering
processes among matter constituents of the universe. By obtaining explicit expressions
3 One may put into question the physical validity of such a restriction. As a first answer, we recall
that there is a large variety of physical situations in which it is relevant to quantize the fluctuations of a
very restricted number of variables, c.f. the notion of quasi-particle. Furthermore, quantum mechanics
was not introduced to explain the Lamb shift effect but rather to deal with the Compton effect, that is
a tree level effect. It is therefore not too unreasonable to hope that there is some physical relevance in
dealing with mini-superspace.
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for the transition amplitudes describing these processes and comparing them with the
corresponding amplitudes evaluated in the BFA, we shall be in position to display, both
conceptually and quantitatively, the modifications induced by the quantum dynamical
character of gravity.
The first task is to define the amplitudes of transition in quantum cosmology. Indeed,
the presence of the constraint, which guarantees that the theory is invariant under
reparametrization of time, implies that the interaction hamiltonian of the transition
under investigation must be treated from the “inside”. Therefore it should be included
in the matter hamiltonian before one imposes the constraint, i.e. the Wheeler De Witt
(WDW) equation. Indeed had one work from the “outside”, one would have left the
sheet of zero energy solutions and therefore broken the reparametrization invariance, see
the restrictions mentioned in ref. [22].
By first including the interaction hamiltonian in the WDW equation and then devel-
oping the evolution operator of matter+gravity configurations in power of this hamilto-
nian, we show how to obtain transition amplitudes from the correlated quantum propa-
gation of gravity and matter. Because of the dynamical character of gravity, a “reduction
formula” sould be applied in order to obtain amplitudes of probability. To first order in
the interaction hamiltonian, these amputated amplitudes are equal, in phase and in am-
plitude, to the corresponding amplitudes evaluated at the BFA when one performs the
double development presented in [23] which consists in (i) using a WKB expression for
the “free” propagation of matter and gravity and (ii) making a first order development
in the matter energy changes induced by the transition itself. As an important byprod-
uct of this, we shall see that a time parametrization is delivered by the very fact that
we are considering a change in the matter state. In this we differ from previous work.
Neither a factorization[21][24][25] of the wave function of the universe nor a development
in 1/G[15][26] must be imposed from the outset (G is Newton’s constant).
We shall then evaluate the corrections to these approximations. The origin of these
corrections terms lies in the non-linearity of the propagation of the combined mat-
ter+gravity system. As advocated in [7][8][23], we shall see that the background is
indeed determined symmetrically by both the initial and the final matter states.
We have organized the paper as follows. We first compute the amplitudes of transi-
tion at the BFA. In this framework, the universe’s evolution is insensitive to dynamical
processes and once for all specified by a classical law a = a(t). In Section 3, we define
and compute the amplitudes of the same transitions in quantum cosmology from the
correlated propagation of gravity and matter. By proceeding to the double development
mentioned above, we show how to recover the amplitudes evaluated at the BFA. In Sec-
tion 4, an extension in which the exchanged momenta no longer vanish is presented. It
is shown how the notion of spatial displacement emerges from those transitions. The
corrections to the double development are considered in Section 5 together with some
comments on quantum gravity.
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2 The amplitudes evaluated using the Background
Field Approximation
In this section we evaluate matter transition amplitudes in a cosmological background
whose scale factor follows a given trajectory a = a(t). By “Background Field Approx-
imation” (BFA) we mean that the classical trajectory a = a(t) is not affected by the
energy of the quanta under examination, hence it is external to the dynamics. The
purpose of the next Section is to treat matter interactions and gravitational propagation
on a same quantum footing. This will be done by studying matter interactions from the
solutions of the Wheeler De Witt equation.
The particular transitions we shall study are the ones of a massive two field detector
coupled to a massless field φ. This model was first used by Unruh[27] to establish the
thermalization of accelerated systems in vacuum. Moreover, it has been found useful to
investigate the recoils effects of these systems when one no longer treats their trajectory
as given and classical, see [16][18]. This enlargement of the quantum dynamics bears
many similarities with the corresponding one in cosmology, see Sections 3 and 4.
In this Section and in Section 3, the simplified detector model consists of two ho-
mogeneous massive fields ψM and ψm of respective masses M and m which satisfy
∆m = M − m << M . Furthermore, we suppose that a˙/a << M so as to guarantee
that the number of massive fields nM +nm is conserved. However we take a˙/a ≃ ∆m in
order to have non vanishing amplitudes for the spontaneous excitations engendered by
the cosmological expansion. As a specific example, we shall compute the amplitudes in
de Sitter space (the calculation is presented in Appendix A). We have chosen de Sitter
space to obtain the notion of a constant rate of transition in a time dependent back-
ground and to make the analogy between accelerated detectors and inertial detectors
in an evolving universe even closer. Indeed, in de Sitter space, there are also thermal
effects associated with a static event horizon[28]. In Section 4, the comparison will be
further extended by considering fields with non-vanishing momenta and by taking into
account the recoils of the massive detector.
Throughout the text, we shall use the notations and the results of ref. [23]. The
reader is invited to consult that paper.
In the proper time gauge, wherein the lapse N is equal to one, the free hamiltonian
of the three (rescaled, see [23]) fields is the sum of three harmonic oscillators
H0(t) =Md
†
MdM +md
†
mdm +
k
a(t)
d†γdγ (1)
We have introduced the destruction and creator operators of the three fields and remove
the zero point energy. Notice that the frequency of the conformal massless φ field depends
of a(t). In fact this field has a fixed conformal frequency k, where the conformal time is
defined by η =
∫ t dt/a(t).
The hamiltonian interaction which relates the three (rescaled) fields is
Hint(t) = g
[
ψ†Mψm + ψMψ
†
m
]
φ (2)
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Since we are dealing with homogeneous fields, only the energy conservation is obtained
upon looking at the resonance condition, see Appendix A.
We study the amplitude of spontaneous excitation which vanishes in a static universe.
By this transition, one light massive quantum of mass m emits a photon φ and becomes
more massive. Thus if the initial state is |ni〉 = |nM〉|nm〉|nγ〉, the final state is |nf〉 =
|nM + 1〉|nm − 1〉|nγ + 1〉. We have not assumed that the fields be in their vacuum
state. The motivation for this generalization which offers no difficulty is the following.
In quantum cosmology, the number of quanta plays two different roles. First, as in the
BFA, it determines the norm of the amplitudes, see eq. (5). More importantly, when a
is treated as a dynamical variable, the energy of these quanta influences its propagation.
Therefore, in order to exhibit both roles, we shall consider ni 6= 0.
In the interacting picture, this amplitude is given by
Bni(t2, t1; k) = 〈nf |e−i
∫ t2
t1
dtHint |ni〉 (3)
where e
−i
∫ t2
t1
dtHint
is a time ordered product. To first order in g one has
Bni(t2, t1; k) = −i
∫ t2
t1
dt 〈nf |Hint(t)|ni〉
= −i
∫ t2
t1
dt e−i
∫ t2
t
dtE(nf ,t) 〈nf |Hint|ni〉 e−i
∫ t
t1
dtE(ni,t)
= −ig 〈nf |ψ†Mψmφ|ni〉
∫ t2
t1
dt e−i∆m(t2−t)e−ik∆η(t2,t) ×
(
e
−i
∫ t2
t1
dtE(ni,t)
)
(4)
where E(ni, t) = 〈ni|H0(t)|ni〉 is the eigenvalue of free hamiltonian of the state |ni〉, see
eq. (1), and E(nf , t) the energy of the final state. ∆η(t2, t) is the lapse of conformal
time. In the third line, we have factorized exp−i ∫ t2t1 dtE(ni, t). This phase arises from
the free evolution of the initial state from t1 to t2 and plays no role upon computing
the rate of transition. We shall return to the meaning of this factor upon considering
the same amplitude in quantum cosmology. We have also introduced the (Schroedinger)
matrix element 〈nf |ψ†Mψmφ|ni〉 evaluated with time independent operators. It is equal
to
〈nf |ψ†Mψmφ|ni〉 =
√
nm(nM + 1)(nγ + 1)√
2M2m2k
(5)
We have presented this calculation a` la Schroedinger because, in quantum cosmology,
the notion of an Heisenberg operator no longer exists, see the remark 3, Section 4 in [23].
For the same reason, amplitudes of transition will be delivered in a Schroedinger form
similar to the one of the second line in eq. (4) when working in quantum cosmology, in
Section 3.
In Appendix A, the amplitude Bni(t2, t1; k) is evaluated in the de Sitter case. The
computation has been relegated to an Appendix in order not to deviate from our main
goal which is to determine the modifications of the amplitudes introduced by the dy-
namical character of gravity. Therefore, we only consider schematically the probability
and the rate of transitions.
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The weight of a(t) in Hint has been chosen such that the Golden Rule is recovered,
upon considering a collection of massless excitations of density4 dk/2pi. Indeed the
probability to have a transition in the conformal vacuum increases linearly with ∆t
since
PB(t2, t1) =
∫ ∞
0
dk
2pi
|Bn˜i(t2, t1; k)|2
=
g2nm(nM + 1)
2M2m
∫ t2
t1
dtb
∫ t2
t1
dta e
−i∆m(tb−ta)
∫ ∞
0
dk
e−ik∆η(tb,ta)
4pik
≃ g
2nm(nM + 1)
2M2m
∫ t2
t1
d(tb + ta)
∫ ∞
−∞
d(tb − ta)e−i∆m(tb−ta)Gφ(tb, ta)
= nm(nM + 1)(t2 − t1)R (6)
where R is the rate of transition for one atom. Up to a prefactor, it is given by the
Fourier transform of the (positive) Wightman function G+φ (tb, ta) = (4pi)
−1 ln∆η(tb, ta)
with respected to e−i∆mt, see refs. [27][3][29] for more detail. In the third line, we have
extended the domain of integration of tb − ta to [−∞,∞] in conformity to the Golden
Rule limit.
We now generalize eq. (6) in the case wherein the number of massive quanta is not
exactly known. Suppose that the occupation numbers nM , nm have amplitudes cnM ,nm.
Then the probability for having a transition from one m to M in the lapse of proper
time ∆t = t2 − t1 is simply given by the weighted sum of the probabilities
〈PB(t2, t1)〉 = ΣnM ,nm |cnM ,nm|2 P niB (t2, t1)
= (R ∆t) ΣnM ,nm |cnM ,nm|2 nm(nM + 1) (7)
The rate R times the lapse of time factorizes in this treatment wherein the dynamics of
gravity is completely neglected. This factorization will no longer be found upon taking
into account this dynamics at the quantum level, i.e. by abandoning the BFA. See
Section 5 for the proof.
3 The amplitudes in Quantum Cosmology
We shall define and compute the transition amplitudes of the same model in Quantum
Cosmology, by using only the solutions of the Wheeler De Witt (WDW) equation. Our
aim is to determine, both conceptually and quantitatively, what are the consequences of
the enlargement of the quantum dynamics to the propagation of a, i.e. the consequences
of the abandonment of the background field approximation.
4 We could have equally work with the 3-dimensional weight of a(t) given by the hamiltonian density
H
(3)
int
= a3ψ˜M ψ˜
†
mφ˜ = ψMψ
†
mφ/a where the tilde fields are the unrescaled fields[23]. The amplitudes in
that case are related to ours by derivative with respect to k since this derivative brings a factor of 1/a.
Thus upon considering the probability, the 3-dimensional density of states d3k = k2dk brings a factor
of k2 which can be absorbed by integration par part with respect to the two derivatives arising from
the square of the amplitudes. This is how a linear increase in ∆t is also found in that case.
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To define transition amplitudes in quantum cosmology, we include the interaction
hamiltonian in the WDW constraint. This is mandatory. Indeed reparamatrization in-
variance requires that the sum of all forms of energy vanishes. Then gravity, i.e. the
propagation of a, is modified by this additional matter hamiltonian. This modification
is now essential in order to retrieve matter interactions from the correlations between
gravity and matter. We emphasize this point. Whereas matter interactions are formu-
late only in terms of matter operators in the BFA, see Section 2, upon dealing with a
reparamatrization invariant quantum framework, these interactions are now represented
as quantum correlations among gravity and matter.
To analyse these correlations and to recover perturbation theory in a well defined
scheme of approximations, we shall perform a first order development in the modification
of the propagation of gravity induced by the interaction hamiltonian. This will deliver
the transition amplitudes in the framework of quantum cosmology.
More explicitly, we shall proceed in two steps. We shall first use a treatment based
on the hypothesis that the propagation of a can be properly described by a WKB wave,
i.e. by a first order differential equation. This treatment is both mathematically and
conceptually straightforward. Furthermore it clearly illustrates how the modification of
the propagation of a delivers time dependent perturbation theory. The second treatment
is more rigorous and based directly on the (second order) WDW constraint wherein the
matter hamiltonian contains the interaction term. However it requires some work to
understand how probability amplitudes should be extracted from the combined evolu-
tion of matter and gravity. (This is why we shall first present the first order analysis.)
By applying a perturbative treatment of the solutions of the second order constraint
equation, we shall show how to recover the expressions obtained in the first approach.
Finally, we shall prove that the amplitudes so extracted coincide with the expressions
evaluated at the BFA when one proceeds to a double development[23]: a WKB approx-
imation for the free propagation of gravity and a first order development in the energy
change induced by the transition itself. The quantitative corrections to the transition
amplitudes are therefore controlled by the corrections to both of these approximations.
They are studied in Section 5.
Quantum cosmology is based on the solutions of the (WDW) constraint equation
[HG +Hmatter] Ψ = 0 (8)
In ref. [23] a simple model based on the free hamiltonian, eq. (1), was extensively
studied. In particular Green functions were evaluated from the solutions of eq. (8) for
both the massive fields and the massless conformal field. In what follows, we shall use
the same techniques to define and compute transition amplitudes.
To obtain these amplitudes, one should consider the modified WDW equation wherein
the matter hamiltonian is now the sum of the free, eq. (1), and the interacting eq. (2),
hamiltonians. Explicitly, the modified WDW equation reads, see eq. (23) in [23],
[
−G2∂2a + κa2 + Λa4 + 2Ga(H0 +Hint)
]
Ψ(a, ψM , ψm, φ) = 0 (9)
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where the matter hamiltonian operator is
H0 +Hint =Md
†
MdM +md
†
mdm +
k
a
d†γdγ + g
[
ψ†Mψm + ψMψ
†
m
]
φ (10)
The operator dM (d
†
M) should be read as (i∂ψM±MψM )/
√
2M in the field representation.
Our aim is to extract the amplitudes of transitions from the combined evolution of
gravity and matter described by the solutions Ψ(a, ψM , ψm, φ). As said above, we shall
proceed in two steps.
The approach based on a first order equation
This first approach relies on the hypothesis that the propagation of a is accurately
described by WKB solutions. In this respect, we recall that one of the main results of
[23] was to show that the validity of the WKB approximation is “extended” in the sense
that only a small part of the corrections to this approximation do modify matter matrix
elements. This leads to the important fact that the modifications of matrix elements due
to these corrections are irrelevant in the case of macroscopic matter dominated universes.
In a WKB treatment, eq. (9) determines the momentum operator
pˆi(a, g) = −G−1
√
κa2 + Λa4 + 2aG (H0 +Hint) (11)
Since pˆi(a, g) incorporates Hint, the propagation of a is modified by this hamiltonian at
the quantum level. In this, we see that gravity is sensitive to the hamiltonian operator
and not only to its expectation value like in the semi-classical approximation. To evaluate
this q-number dependence, we develop pˆi in powers of Hint:
pˆi(a, g) = pi(a, nˆj) +Hint
a
Gpi(a, nˆj)
−H2int
a2
G2pi(a, nˆj)3
+O(g3) (12)
where nˆj designates the counting operators of the three fields.
The simplest way to describe the combined propagation of gravity and matter, is to
construct the evolution operator U(a2, a1). In the classification presented by Isham [12],
this approach corresponds to “identify time before quantisation”. This means that the
operator U(a2, a1) satisfies the first order equation
i∂a U(a, a1) = pˆi(a, g) U(a, a1) (13)
with the usual boundary condition U(a, a) = 1.
In terms of the free (g = 0) evolution operator U0(a, a1), defined by
i∂a U0(a, a1) = pi(a, nˆj) U0(a, a1) (14)
we can write U(a2, a1) as
U(a2, a1) = U0(a2, a1)− i
∫ a2
a1
da U0(a2, a)
(
Hint
a
Gpi(a, nˆj)
)
U0(a, a1) +O(g2) (15)
8
This is in the strict analogy with the evolution operator in quantum mechanics evaluated
perturbatively in the Schroedinger picture, see eq (4). Indeed, when the total hamilto-
nian is decomposed as H0 +Hint, the full evolution operator U is given in terms of the
unperturbed operator U0 as
U(t2, t1) = U0(t2, t1)− i
∫ t2
t1
dt U0(t2, t) Hint U0(t, t1) +O(g2) (16)
Thus the amplitude Bnifirst(a2, a1; k) to start from a = a1 with the matter content specified
by |ni〉 and to end up at a = a2 with |nf〉 is given by by the matrix element of U(a2, a1).
In this first order formalism with respect to i∂a one finds
Bnifirst(a2, a1; k) = −i
∫ a2
a1
da U0(a2, a;nf) 〈nf | aHint
Gpi(a, nˆj)
|ni〉 U0(a, a1;ni) (17)
where we have used the diagonal character of U0(a′, a) and defined
U0(a, a1;ni) = 〈ni| U0(a, a1)|ni〉 = ei
∫ a
a1
pi(a′,ni)da
′
(18)
The classical momentum pi(a, ni) is the solution of eq. (11) at g = 0 in the initial state
characterized dy the occupation numbers ni, i.e. pi(a, ni) = 〈ni|pi(a, nˆj)|ni〉. We now
define the ambiguous expression 〈nf |Hint/pi(a, nˆj)|ni〉 by the following expression
〈nf | Hint
pi(a, nˆj)
|ni〉 = 〈nf |Hint|ni〉√
pi(a, ni)pi(a, nf)
(19)
where the matrix element of Hint is given in eq. (5). We shall justify our choice in
the more rigorous second approach. This type of ambiguity is inherent to the present
approach wherein the full hamiltonian is given by square root, eq. (11), see [18] for a
similar treatment based on a first order equation applied to a relativistic oscillator.
Using these expressions, Bnifirst(a2, a1; k) becomes
Bnifirst = −i
∫ a2
a1
da (a/G)√
pi(a, ni)pi(a, nf )
ei
∫ a2
a
pi(a′,nf )da
′ 〈nf |Hint|ni〉 ei
∫ a
a1
pi(a′,ni)da′
(20)
The comparison of eqs. (17, 20) with the expression evaluated at the BFA, eq. (4), is
very instructive. What is not modified by the dynamical character of a is the structure
of the expression. The amplitude is given of the integral over the parameter a (in the
place of t) of three factors: the two free kernels transporting the initial and the final
matter configurations from the end points to the “place” where the intercation occurs
and the matrix element of Hint evaluated at that place, in the Schroedinger picture.
What is modified, is the phase of these free propagations and the norm weighting the
integration over a.
We postpone the evaluation of eq. (20). We shall first rederive it with more rigor,
without making appeal to the first order (WKB) hypothesis. This shall afford us new
insights about the nature of quantum gravity.
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The approach based on the second order equation
Our aim is to deduce transition amplitudes from the combined evolution of gravity
and matter described by the second order WDW equation, eq. (9). To this end it is
convenient to introduce the “kernel-operator” K(a2, a1), solution of[
−G2∂2a + κa2 + Λa4 + 2Ga(H0 +Hint)
]
K(a2, a1) = iG2δ(a2 − a1) (21)
with unit wronskian in the following sense
lim
a2−a1→0+
(∂a2 − ∂a1)K(a2, a1) = −i (22)
The choice of the factors of i in the r.h.s. of eqs. (21, 22) is purely conventional.
More important is that these equations do not fixed univocally the kernel K(a2, a1). To
properly identify what is the additional requirement, we refer to the treatment of the free
(g = 0) kernel presented in [23]. In that case, the boundary condition was obtained from
the requirement that the constraint equation be imposed by integrating over positive
constant lapse N only, see eq. (27) therein. This implies that, in the semi classical
regime, for a1 < a2, only one dominant contribution is obtained, the one associated
with an expanding universe. Had we integrated over all N we would have obtained the
contributions of both the expanding and contracting motion. Therefore, the restriction
to positive lapse N introduces the notion of “ordered propagation” in the sense that it
selects one runing wave instead of a stationary (real) sine or cosine. This is of crucial
importance for what follows the next paragraph.
We recall that free propagation is described by a diagonal kernel. Thus when the
matter state is characterized by ni quanta, the matrix element of the free kernel is given
by a c-number function which reads in the WKB approximation,
K0(a2, a1;ni) = 〈ni|K0(a2, a1)|ni〉 = e
i
∫ a2
a1
pi(a,ni)da
2
√
pi(a2, ni)pi(a1, ni)
=
U0(a2, a1;ni)
2
√
pi(a2, ni)pi(a1, ni)
(23)
In the last equality, we have compared the WKB expression of K0(a2, a1;ni) character-
ized by a unit conserved wronskian to the first order operator U0(a2, a1;ni) possessing a
unit norm. The extra factors of 1/
√
2|pi(a, ni)| at both ends of the propagation appear
inevitably in this framework since K0(a2, a1) is a solution of a second order differential
equation of the continuous variable a. They will therefore reappear in the sequel and
must be removed when one wants to obtain probability amplitudes. This necessary am-
putation of kinetic factors is the “reduction formula” applied in the present case. It is
appropriate to remember that this removal should be performed at the end points only.
Indeed, as we shall see, the solutions of eq. (21) deliver the correct weight at the inter-
mediate points where the interaction hamiltonian acts. Notice also that this amputation
would be automatically carried out by adopting a “third” quantized framework wherein
single universe states are normalized to one.
Having specified univocally the free kernel one can express, as in eqs. (15, 16), the
full kernel K(a2, a1) in terms of the free one as
K(a2, a1) = K0(a2, a1)− i
∫ a2
a1
da K0(a2, a) 2a
G
Hint K0(a, a1) +O(g2) (24)
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The factor of −i in the second term is not an artifact of the choices adopted in eqs. (21,
22) in the following sense. Had we redefined Knew(a2, a1) = iK(a2, a1) so as to obtain
two real equations in the place of eqs. (21, 22), then, the value of the kernel would have
been purely imaginary for a2 → a1 instead of purely real as in eq. (23). Thus the relative
factor between free propagation and the first order term in g is always purely imaginary,
as it should be, when considering a perturbation diagonal in ni, i.e. a level shift. This
is a direct consequence of the above mentioned choice of integration over positive lapse
only. Therefore, this choice guarantees the obtention of the usual Born series, at least
to first order in g.
The (un-amputated) amplitude of transition, Bni(a2, a1; k), to go from the state ni
at a1 to the state nf at a2 is given by the matrix element of K(a2, a1)
Bni(a2, a1; k) = 〈nf | K(a2, a1)|ni〉
= −i
∫ a2
a1
da
2a
G
K0(a2, a;nf) 〈nf |Hint|ni〉 K0(a, a1;ni) (25)
Thus, to first order in g, but without any other approximation5, this amplitude de-
composes itself into the convolution of two free kernels and the matrix element of the
interaction hamiltonian operator, as in eqs. (4, 17). This is our first result. This
arrangement determines all the properties of Bni(a2, a1; k) that we now analyse.
To this end, we shall perform, in what follows, a double development[23] which con-
sists in (i) using WKB expressions for both “free” kernels K0 and (ii) making a first
order development in the change of the occupation numbers nj . The first step will make
contact with the amplitude Bnifirst(a2, a1; k) evaluated in the first order formalism, see
eq. (20), and both steps with the amplitude Bni(t2, t1; k) evaluated at the BFA , see eq.
(4). In Appendix B, we present an alternative evaluation of Bni(a2, a1; k) which does
not rely on step (ii) and which never uses the background concept.
Using the WKB approximation for the free kernel, see eq. (24), one obtains
Bni(a2, a1; k) = −i 〈nf |Hint|ni〉
∫ a2
a1
ada
G
√
pi(a, nf )pi(a, ni)
ei
∫ a2
a
[pi(a′,nf )−pi(a
′,ni)]da′
× 1
2
√
pi(a2, nf )pi(a1, ni)
× ei
∫ a2
a1
pi(a′,ni)da
′
=
1
2
√
pi(a2, nf)pi(a1, ni)
Bnifirst(a2, a1; k) (26)
In the first equality, we have factorized both the kinematic factor that should be am-
putated and, as in eq. (4), the global a-independent phase corresponding to the free
propagation of the initial state. In the second equality, we see that the amputated ampli-
tude Bniamp(a2, a1; k) given by 2
√
pi(a2, nf)pi(a1, ni)Bni(a2, a1; k) is equal to the amplitude
5 This is not exactly true. Indeed, since the integration over positive lapses leads to K0(a, a2) =
K0(a2, a), we should include Z graphs, i.e. the contributions from a’s bigger than a2 or smaller than
a1. Their truncation is however legitimate since these graphs concern the whole universe and not only
a particle as in QFT. Notice that these “usual” Z graphs are present in the higher terms of eq. (24).
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evaluated in the first order treatment. It is now appropriate to notice that the devel-
opment in eq. (24) is directly expressed in terms of the hamiltonian Hint and not in
terms of the clumsy operator Hint/pi(a, nˆj) as in eq. (15). Therefore, in the second order
formalism, we do not meet the ambiguity in defining its matrix elements, c.f. eq. (19).
Indeed, eq. (25) is univocally defined.
We now perform the second step of the double development, that is, a first order
expansion in the occupation numbers change characterizing the transition under exami-
nation. To this order, one can use the Hamilton-Jacobi formalism and writes a-dependent
phase in Bni(a2, a1; k) as∫ a2
a
[pi(a′, nM + 1, nm − 1, nγ + 1)− pi(a′, nM , nm, nγ)] da′
= [−∂nm + ∂nM + ∂nγ ]
∫ a2
a
pi(a′, nM , nm, nγ)da
′
= −(M −m) ∆t(a2, a;ni)− k ∆η(a2, a;ni) (27)
by definition of the proper time and conformal time lapses, see eq. (17, 18) in [23].
By applying the same development to the norm of the integrand of Bni(a2, a1; k), the
amputated amplitude can be written
Bniamp(a2, a1; k)× e−i
∫ a2
a1
dapi(a,ni) = −i〈nf |Hint|ni〉
∫ t2
t1
dt e−i∆m∆t(a2,a;ni)e−ik∆η(a2,a;ni)
= Bni(t(a2), t(a1); k)× ei
∫ t2
t1
dtE(ni,t)
(28)
since dt = ada/Gpi(a, ni), see eqs. (11, 27). The amputated amplitude differs from
B only by the two phase factors describing free evolution. We emphasize this: By
eliminating that part of the propagation which concerns the free propagation of the
initial state, the amputated amplitude evaluated in quantum cosmology equals in phase
and in amplitude the corresponding amplitude evaluated at the BFA upon performing
the double development described before eq. (26). This is our second result.
We conclude this Section by two remarks.
Both lapses of time in eq. (27) are evaluated, by construction, in the universe contain-
ing ni quanta since they are conjugated to the matter energy changes induced by the
transition itself, i.e. ni → nf . Time appears because there is a transition. The validity
of making a first order expansion in ni − nf requires that the universe be macroscopic,
see Section 5 for the proof.
We did not assume that the wave function was a “quasi-classical”[13][25][26] state,
i.e. a well defined superposition of WKB solutions which describes a single classical
universe. Indeed, we have considered a completely delocalized wave function, since there
was no spread in the initial energy. Therefore, the emergence of a well defined time
parametrization does not required to have the “wave function” of the universe peaked
along a classical path. Furthermore, since each component does deliver its own time
parametrization one can also consider widely spread repartitions of energy. The same
is true when one considers the transitions of a two level relativistic atom. In that case,
it is the proper time of the atom which emerges in transition amplitudes, see [16] and
Section 4. See also Section 5 for more comments on these decoherence effects.
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4 The emergence of spatial displacements from re-
coils
In this section, we consider an extension of these transition amplitudes in which the
momenta of the exchanged particles no longer vanish. The motivation is three-fold.
First, it is instructive to see how one can combine, in a approximative but coherent
way, quanta carrying non-vanishing momenta together with homogeneous geometries.
Secondly, this extension shall allow us to recover the notion of spatial displacement from
purely homogeneous solutions, in a manner similar to the recovery of time lapse from
stationary solutions, see eq. (27). Thirdly, we shall make contact between the recoil
of an heavy atom induced by some momentum transfer[16] and the “recoil” of gravity
induced by some matter transition. (The reader not interested by these aspects might
read directly Section 5).
To these ends, we use the formalism presented in Appendix A of ref. [23]. It consists
in keeping the homogeneity of gravity and by considering the dispersion relation of
matter quanta. The energy of a quantum of mass M and (conserved) momentum p is
given at radius a by
Ω(M, p, a) =
√
M2 + p2/a2 (29)
In quantum cosmology, the conserved momentum p can only be viewed as a quantum
number characterizing states in Fock space. Indeed, one needs to treat gravity at back-
ground field approximation in order to be able to use
∂pΩ(M, p, a(t)) =
p
a2(t) Ω(M, p, a(t))
=
dz
dt
= vz (30)
since the definition of velocity requires, as a obvious preliminary, to have the notion
of position. However, in quantum cosmology there is no a priori notion of position,
since no external device can introduce it. Indeed upon using an external device, i.e. by
neglecting its momentum content when computing the solutions of the WDW equation,
one would effectively leave the space of gauge invariant solutions. It is the necessity of
considering all devices as internal constituents which characterizes quantum cosmology
based on the WDW equation. Therefore, distances and velocities should be recovered
from internal phase correlations, in a manner similar to the recovery of time.
The new aspect with respect to Appendix A of [23] concerns the interaction hamil-
tonian. It is given by
H˜int = g
∫
d3p
∫
d3k
(
dM,pd
†
m,−p−k + d
†
M,pdm,−p−k
) (
dk + d
†
−k
)
√
8 Ω(M, p, a) Ω(m, p + k, a) |k|
(31)
where dM,p destroys a massive quantum of momentum p and mass M , d
†
m,−p−k creates a
massive quantum of momentum −p−k and mass m, and dk creates a conformal massless
quantum of momentum k.
H˜int carries zero momentum. This is viewed, in the BFA, as a consequence of the
homogeneity of the background. In quantum cosmology, a new explanation which no
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longer refers to the notion of a background is required. It is simply that H˜int must
commute with the total 3-momentum operator which annihilates physical states. Then,
by applying H˜int on a zero momentum state, i.e. a solution of the WDW equation,
the new state remains a solution. We believe that this new interpretation based on
gauge invariance remains valid when considering solutions of the WDW equation wherein
gravitational configurations carry momentum.
This commutation allows us to proceed as in Section 4. The total matter hamiltonian
is now
H˜matter = H
0 + H˜int =
∫
d3p Ω(M, p, a) d†M,pdM,p +
∫
d3p Ω(m, p, a) d†m,pdm,p
+
∫
d3k
|k|
a
d†γ,kdγ,k + H˜int (32)
in the place of eq. (10), and we are interested by the amplitude Bni(a2, a1; p, k) in which
one massive quantum of momentum p emits a photon of momentum k. This amplitudes
connects the initial state
|ni〉 = |n(M, p− k), n(m, p), n(γ, k); n˜i〉 (33)
defined at a = a1 to the final state
|nf〉 = |n(M, p− k) + 1, n(m, p)− 1, n(γ, k) + 1; n˜i〉 (34)
defined at a = a2. We designate by n˜i the set of spectator quanta not involved in the
transition. As in eq. (25), the amplitude is defined by
Bni(a2, a1; p, k) = 〈nf | K(a2, a1)|ni〉 (35)
To first order in g, using the WKB expression for the free kernels, see eq. (23), the
amputated amplitude Bniamp(a2, a1; p, k) is given by
Bniamp(a2, a1; p, k) = −i
∫ a2
a1
ada
G
√
pi(a, nf)pi(a, ni)
〈nf |H˜int(a)|ni〉 ei
∫ a2
a
[pi(a′,nf )−pi(a
′,ni)]da′
(36)
see eq. (26). We have not written the irrelevant phase describing the free propagation
of the initial state. In the present case 〈nf |H˜int(a)|ni〉 is a dependent and given by
〈nf |H˜int(a)|ni〉 = g
√
(n(M, p− k) + 1) n(m, p) (n(γ, k) + 1)√
8 Ω(M, p− k, a) Ω(m, p, a) |k|
(37)
This dependence in a will play a crucial role in recovering the Lorenz contraction factor,
see below.
We proceed as in eq. (27) to a first order development in the energy changes appearing
in the phase of the amplitude. One obtains∫ a2
a
[pi(a′, nf)− pi(a′, ni)] da′ =
∫ a2
a
da′ a′
Gpi(a′, ni)
[
Ω(M, p− k, a′)− Ω(m, p, a′)− |k|
a′
]
=
∫ t2
t
dt′
[
Ω(M, p− k, a(t′))− Ω(m, p, a(t′))− |k|
a(t′)
]
(38)
14
By the same change of variable from a to t(a), the norm in the integration of eq. (36)
becomes unity. Thus, the amputated amplitude Bni(a2, a1; p, k) is equal to the cor-
responding amplitude evaluated at the BFA in the background characterized by the
classical evolution a = a(t).
We now display the relationship between this linear development giving rise to time
through a = a(t) with the linear development in the momentum transfer to the massive
detector which leads to the concept of its proper time τ and its classical trajectory
z = z(t).
This second approximation is defined by developing to first order in ∆m and the
momentum transfer k the difference of the energies Ω(t) in eq. (38) exactly as we
developed the difference of momenta pi(a, nf)− pi(a, ni) in the energy change. One gets
∫ t2
t
[Ω(M, p− k, a(t′))− Ω(m, p, a(t′))] dt′ =
∫ t2
t
dt′ m
Ω(m, p, a(t′))
[
∆m− k
a(t′)2
p
m
]
=
∫ τ2
τ
dτ ′
[
∆m− k
a(τ ′)2
p
m
]
(39)
where we have introduced the proper time (of the particle of momentum p) defined by
τ = ∂mS where S is the Hamilton-Jacobi action equal to
∫
dt Ω(m, p, a).
Both terms are easily interpreted. The first term corresponds to the phase of the
excitation energy ∆m evaluated along the classical trajectory, hence parametrized by
∆τ . Similarly, the second term is
k
∫ t2
t
dt′ p
a(t′)2Ω(m, p, a(t′))
= k∂p
∫ t2
t
dt′ Ω(m, p, a(t′)) = k∆z(t2, t) (40)
since by definition the distance is given by ∆z = ∂kS|k=0. Then, by grouping together
the term in |k| in eq. (38) and this latter term one gets
|k|∆η(t2, t)− k∆z(t2, t;m, p) (41)
This corresponds, as it should be, to the k component of the phase of the Green function
of a massless quantum created at a by the heavy detector which follows the classical
trajectory ∂η∆z = a(η)v(η), where v is defined in eq. (30). Furthermore, to this order
in ∆m and k, the norm of the amplitude is equal to dt/Ω(m, p, a(t)) = dτ , thanks to
the a dependence of 〈nf |H˜int(a)|ni〉, see eq (37).
Collecting the results, we have for the amputated amplitude
Bniamp(a2, a1; p, k) = −i
∫ a2
a1
ada
Gpi(a, ni)
〈nf |H˜int(a)|ni〉 ei
∫ a2
a
[pi(a′,nf )−pi(a
′,ni)]da′
= −ig
∫ t2
t1
mdt
√
nm(nM + 1)nk
Ω(m, p, a(t))
ei
∫ t2
t
[Ω(M,p−k,t′)−Ω(m,p,t′)]dt′ e
i|k|(η2−η)√
|k|
= −ig
√
nm(nM + 1)nk
∫ τ2
τ1
dτ ei∆m(τ2−τ)
ei|k|(η2−η)−k∆z√
|k|
(42)
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The parallelism between the development in the energy change in eq. (38) and the
one in the momentum transfer in eq. (39) is manifest. In both cases, by making a
first order change in the WKB kernel (i.e. the product of two wave functions) of the
heavy system, i.e. the universe and the atom respectively, one recovers the transition
amplitude evaluated at the BFA wherein the heavy system is described by a single
classical trajectory.
Indeed, in the case of gravity, the first order change allows the replacement of the
quantum characteristics of the wave function of the universe, such as Λ and ni, in favor
of the properties of the sole classical trajectory of the universe a(t). This replacement is
effected by means of the Hamilton-Jacobi equation dt/da = ∂EMpi(a, ni) = a/Gpi(a, ni),
i.e. the dispersion relation for the universe.
Similarly, in the heavy particle case, the first order change in the momentum transfer
allows the replacement of the momentum and the energy of the particle by its classical
trajectory. This is effected by means of the Hamilton-Jacobi equations of the particle,
dτ/dt = ∂MΩ(M, p, t) and dz/dt = ∂pΩ(M, p, t)
This parallelism proves that the universe behaves like an heavy system, at in the
WKB approximation. We shall briefly discuss in the next Section what happens when
one leaves the WKB approximation and considers “negative” energy solutions.
The other lesson is that we have recovered the usual spatial dependence of the tran-
sition amplitudes from the k dependence of the action of gravity
∫
da pia through the
dispersion relation, eq. (29). Therefore, gravity acts also like a reservoir in delivering
spatial displacements. See [23] for a systematic comparison between the behaviour of an
heat reservoir delivering a temperature and the one of gravity delivering time lapses.
We conclude by noting that there is, by construction, a single inertial frame (intro-
duced in this formalism by first order variations with respect to momentum transfers).
This frame is singled out by the fact that we are working with solutions of the WDW
equation. Indeed, the homogeneous part of the three-momentum constraint implies that
the total momentum of matter vanishes. This is turn defines what are the conserved
momenta. Therefore both spatial and temporal inertia are defined through gravity by
the macroscopic matter content of the universe. In fact, it is the macroscopic character
of the sources of gravity which leads to the concept of background defined by a first
order expansion in 1/n in eq. (38). Isn’t it Mach’s principle ?
5 The non-linearities induced by quantum gravity
In this Section, we evaluate the corrections to the various approximations used so far.
We have used four such approximations. Therefore there will be four types of cor-
rections and our task is to isolate the dominant ones.
First we have considered that the spread in energy in the initial matter state van-
ishes. Secondly, we have developed the expressions to first order in the energy change
characterizing the transition, see eq. (27). Thirdly we have the corrections to the WKB
approximation used to evaluate the free kernels, see eq. (23). Finally we have considered
amplitudes to first order in g only, see eq. (12).
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We start by discussing the first type of non-linearities, the ones associated with
the energy spread of the initial state. To this end, it is appropriate to deal with the
probability of transition, see eq. (6). Since the amputated Bniamp(a2, a1), eq. (28), defines
the amplitude of probability in quantum gravity, the probability of emitting a massless
quantum of momentum k is given by
Pni(k; a2, a1) = |Bniamp(a2, a1; k)|2 (43)
We want first to determine to what extend the Golden Rule emerges from this probability.
To this end, we consider the case of an almost de Sitter space, i.e. the solution of eq.
(9) in which the cosmological term in Λa4 dominates the matter terms. Then the rate
of transition R is determined by the Hubble constant h only.
To obtain the total probability of transition, as in eq. (6), we integrate over all k
Pni(a2, a1) =
∫ ∞
0
dk
2pi
|Bniamp(a2, a1; k)|2
= R nm(nM + 1) ∆t(a2, a1;nM , nm, nγ = 0) (44)
where we have used eq. (28) to evaluate the rate R. We see that the probability grows
linearly with respect to the proper time evaluated in the (almost de Sitter) background
characterized by nM , nm and nγ = 0 quanta.
Therefore it is instructive to consider the probability of transition when the initial
matter state is described by a superposition of states characterized by nM , nm with
amplitudes cnM ,nm, see eq. (7). In the present case the mean probability is given by
〈P(a2, a1)〉 = Σni |cni|2Pni(a2, a1)
= R Σni |cni|2(nM + 1)nm∆t(a2, a1;nM , nm, nγ = 0) (45)
The time lapse no longer factorizes since it depends parametrically of the matter con-
tent. The origin of this non-linearity is that the occupation numbers nM , nm play a
double role. Not only do they give the norm of the probability as at the BFA, see the
overall factor (nM + 1)nm, but they also determine parametrically the lapse of time
∆t(a2, a1;nM , nm, nγ = 0) since the latter is defined upon evaluating the phase of the
amplitude itself, see eq. (27).
When the spread in ni is negligible as compared to the mean occupation numbers
n¯i, the mean probability can be correctly approximated by the probability evaluated in
the mean universe, see [23] for an evaluation of the corrections. In this case only, one
fully recovers the concept of transition amplitudes evaluated in a single gravitational
background which is completely insensitive to the individual quantum matter processes.
On the contrary, when the spread is big or comparable to the mean number, the
validity of describing gravity as a unique background looses sense. However, since each
component engenders its own but well defined time parametrization, the impossibility
of defining a single background is free of physical consequences. Indeed, remote configu-
rations never interfere. The reason for this is very simple. In order to connect quantum
mechanically two matter states characterized by n1 and n2 quanta, one needs a interac-
tion hamiltonian (or a time ordered product of this hamiltonian) which possesses non
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vanishing matrix elements between these states. Therefore, given a certain matter hamil-
tonian, two remote initial states and a certain lapse of time, one easily checks whether
or not the two wave functions might interfere.
In our case, since N = nM + nm is strictly conserved, initial states made of superpo-
sition of various N cannot interfere. Therefore their evolution is completely independent
of each other. Thus it is of no use to consider a superposition of states with different
N . In particular, it is of no use to consider a superposition which leads to a “quasi-
classical state”[26] describing a single background. The situation is different for the
radiation field since the number of photons which can be produced by intercations with
massive detectors does fluctuate dynamically. In that case, it is mandatory to consider
interferences among neighbouring components in the wave function.
The second type of corrections are associate with the non-linear terms in the energy
change which are present in the norm and the phase of the amplitude B, see eq. (27).
The algebra to obtain them is very similar to the one of Section 5 of [23]. Therefore
we shall just comment the results. The non linear corrections to eq. (27) are given by
∫ a2
a
[pi(a′, nM + 1, nm − 1, nγ + 1)− pi(a′, nM , nm, nγ)] da′ =∫ a2
a
[
(a′∆m+ k)
Gpi(a′, ni)
(
1− (a
′∆m+ k)
Gpi2(a′, ni)
)]
da′ ≃
− [∆m∆t(a2, a;ni) + k∆η(a2, a;ni)]
[
1− (a∆m+ k)
Gpi2(a, ni)
(
1 + ∆t(
a˙
a
− 2p˙i
pi
)
)]
(46)
In the third line we have replaced the integral of the correction by the value of the
integrand at a times the interval plus the linear dependence in ∆t. To estimate these
terms, one should specify the dominant matter content of the universe. When the
universe is matter dominated, the first correction term is
(a∆m+ k)
Gpi2(a, ni)
≃ (∆m+ k/a)
2(MnM +mnm + 2knγ/a)
≃ ∆m
2m(nM + nm)
(47)
It is independent of G, h¯ and a. It depends only on the ration of the matter change by the
total energy in the universe. This is what guarantees the validity of the background field
approximation: that the sources of gravity be heavy when compared to the transition
upon examination.
As in Section 5 of [23], the origin of this term arises from our choice to develop eq.
(46) around the initial occupation numbers ni. Indeed, had one developed around the
“mean” values nM + 1/2, nm − 1/2, nγ + 1/2, which characterize the transition under
examination, this dominant term would not be present. Its meaning is therefore that
the “background”, i.e. the best gravitational fit around which one develops eq. (46), is
determined by the transition under examination. Furthermore, the initial and the final
number of quanta play a symmetrical role in defining this background. Therefore we
can say that the geometry is “post-selected”[30] by the transition under examination.
Whether or not this quantum specification of the background leads to modifications of
dynamical processes big enough to invalidate the treatment based on single insensitive
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background remains to be seen. The reader may consult refs. [7][8][10][11][19] where
this point of view is advocated.
Very important also is the fact that the correction terms scale with the energy change
∆m and not with the two massesM and m. Therefore, the corrections to the probability
cannot be expressed in terms of corrections of each propagator since the latters are
controlled by the masses. Thus the probability of transition cannot be written as the
convolution of three Wightman functions as it is done usually, see eq. (6). This is
another manifestation of the non-linearities of quantum gravity.
Finally, we stress that the amplitude of transition B is given in term of an integral
over the radius a at which the interaction acts. Therefore, the non-linear corrections
to the BFA, i.e. the non linear terms in eq. (46), are summed at the level of the
amplitude. This means that the “post-selected” background is summed as well. It is
not only sensitive to the initial and the final number of quanta, it depends also on the
dummy radius a at which the interaction occurs. This fact reinforces the impossibility
of dealing with a single background once the dynamical character of gravity is taken at
the quantum level.
The third type of corrections are associated with the WKB approximation used for
the free kernelsK, see eq. (23). These corrections have been discussed in Section 5 of [23].
We just recall that the are irrelevant when the Hubble radius satisfies a˙/a << m. Indeed,
in that case, they are smaller than the former corrections by a factor of 1/(nM +nm) for
matter dominated universes.
The fourth type of corrections is much more interesting. It has to do with amplitudes
evaluated at higher orders in g. Up to now we have only considered amplitudes which
are linear in the hamiltonian Hint, see eq. (2).
To order g2, one finds now two contributions. The first contribution arises from the
linear term of eq. (12) acting twice whereas the second one comes from the quadratic
term of this equation acting once. When using the WKB approximation to describe the
propagation of gravity, the first contribution leads back to the time-ordered product of
the interaction hamiltonian. Indeed, the monotonic character of the expansion allows the
replacement of the a-ordered product to a time-ordered one. The second contribution
to order g2 can be conceived as a “contact” interaction induced by gravity, i.e. the large
mass limit of a Z graph. For macroscopic universes, it is negligible when compared to
the first contribution since it scales like ∆m/(MnM +mnm). It has therefore the same
magnitude of the corrections due to the non-linearity of the phase, see eq. (46).
To conclude this analysis of the non-linearities induced by the dynamical character
of gravity, we develop the remark made after eq. (42). This remark mentioned the
strict parallelism between the behaviour of gravity and that of an heavy relativistic
atom. This analogy was established at the WKB approximation only. What happens
when one abandons this approximation ? This raises the question of the role of negative
energy states and the possibility of creating pairs of heavy systems.
The modifications induced by this abandonment have been discussed and evaluated
in [31] in the relativistic particle case. In that case, when dealing with non-vanishing
amplitudes to create pairs of particles, “wave functions”, i.e. the solutions of the Klein-
Gordon equation, no longer possess a probabilistic interpretation. However, in spite of
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these non-vanishing pair creation amplitudes, it was shown that the use of the in-out
propagator for describing the propagation of the relativistic atom allows the study of
the emission amplitudes (bremstrahlung) in usual terms, at least at the tree level. This
indicates that there is no dramatic consequence in having lost the statistical interpreta-
tion of the solutions of the Klein-Gordon equation. We are inclined to believe that the
situation might be similar for the solutions of the Wheeler De Witt equation.
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6 Appendix A.
The transition amplitudes in de Sitter space
In this Appendix we compute the transition amplitudes in the de Sitter background.
In particular we emphasize the relationship between the exponentially growing Doppler
effect and the cosmological temperature[20].
In a flat expanding de Sitter background, the scale factor a satisfies a˙/a = h =
Λ1/2 = constant. Therefore the lapse of conformal time lapse is
∆η(t2, t) = −e−ht2 + e−ht (48)
This exponential Doppler shift relating conformal and proper time signals the presence
of a static event horizon whose surface gravity is equal to the inverse Hubble radius h[4].
In that background, the amplitude B of spontaneous excitation is, see eq. (4),
Bni(t2, t1; k) = −ig 〈nf |ψ†Mψmφ|ni〉
∫ t2
t1
dt e−i∆m(t2−t)eik(e
−ht2−e−ht) (49)
We have dropped the irrelevant phase of the free propagation of the initial state. This
amplitude is identical to the one of an accelerated system in Minkowski vacuum whose
excitation energy is ∆m and whose acceleration is h. The proper time of the inertial
atom t plays the role of the proper time of the accelerated atom and the conformal time
plays the role of the Minkowski time, see [27][3][29].
In the limit t1 → −∞, t2 → ∞, this amplitude can be computed analytically. It is
given by
Bni(k) = −ig 〈nf |ψ†Mψmφ|ni〉 Γ(
−i∆m
h
)
(
kh
∆m
)−i∆m/h
e−pi∆m/2h (50)
where Γ is the Euler gamma function[3][29].
But what we really nead is the ratio of B to the inverse transition where one mas-
sive state M disintegrates into a lighter one plus a massless φ quantum. This inverse
transition is given by complex conjugating and replacing k by −k in eq. (49):
An˜i(t2, t1; k) = (B
ni(t2, t1;−k))∗ (51)
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We have introduced the symbol n˜i = (nM + 1, nm − 1, nγ) to designate the initial num-
bers of quanta appearing in A, taking into account the Bose statistic. By using the
determination of the logarithm of k in eq. (50), one finds that the ratio of the square of
the norms satisfies the Boltzmanian law
lim
t1→−∞,t2→∞
|Bni(t2, t1; k)|2
|An˜i(t2, t1; k)|2 =
|Bni(k)|2
|An˜i(k)|2 = e
−2pi∆m/h (52)
This ratio indicates that, in the vacuum of the φ field, the mean numbers of massive
fields satisfy, at equilibrium,
n¯M
n¯m
=
|Bni(t2, t1; k)|2
|An˜i(t2, t1; k)|2 = e
−2pi∆m/h (53)
Thus, in de Sitter space, inertial massive systems experience a cosmological temperature
given by h/2pi[20].
We recall that this exponential ratio can be understood in terms of the saddle point
analysis[32][29]. We present this analysis to introduce the concept of resonance which
designates where the transition occurs. Furthermore, the classically forbidden transition
described by the amplitude B leads to a saddle point which possesses an imaginary part
associated with the presence of a static horizon. Both aspects are also found in quantum
cosmology, see Appendix B.
The saddle points for A and B are given by the solution
∆m = ±kh e−ht± (54)
where the + sign is for the amplitude A. One finds
t− = t+ + ipi/h (55)
where ht+ = ln(hk/∆m) is real. It determines at which proper time t the conformal
Doppler shifted frequency k/a(t) equals (i.e. resonates with) the proper frequency ∆m.
Instead, the imaginary part of t−, ipi/h, is independent of k. This is crucial and
related to the presence of a static event horizon. This event horizon requires that the
periodicity in Im(t) be equal to 2pi/h in both the euclidian continuation of the metric
and in the Green functions of the radiation field in order to have respectively, no conical
singularity and regular energy density at the horizon.
Furthermore, the fact that the imaginary part of t− is independent of k leads im-
mediately that for hk belonging to the interval [∆meht1 ,∆meht2 ], one obtains, at the
saddle point approximation,
Bni(t2, t1; k)
An˜i(t2, t1; k)
= e−pi∆m/h × phase (56)
When hk does not belong to that interval, the amplitudes are dominate by transient
effects and do not lead to constant rates of transition, see [29].
The saddle point approximation offers therefore a description of the transition which
reveals the mechanisms into action. This is why we shall also apply it directly to the
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amplitudes evaluated in quantum cosmology. The results we shall find are in strict
analogy with the results of [16] wherein the saddle point approximation was used to
analyse the effects of the recoils of an accelerated two level atom induced by the Unruh
effect.
7 Appendix B. The saddle point evaluation of the
transition amplitudes in quantum cosmology
In this Appendix we shall apply the same saddle point techniques to the amplitudes
in quantum cosmology. The interest of this treatment is that it does not require to
have defined a background nor does it lead to the notion of a background. This is
in contradistinction to the BFA wherein a background is a priori given, as well as to
what we did in Sections 3 and 4 where we defined a background by first developing the
expressions in powers of the energy changes.
Here, as in [16][17], we consider the stationary phase condition applied to the ampli-
tude expressed in terms of the dynamical variable itself. We recall that to first order in
matter interaction and to the WKB approximation for the propagation of gravity, the
amplitude Bniamp(a2, a1; k) is given by, see eq. (28),∫ a2
a1
ada
G
√
pi(a, nf )pi(a, ni)
ei
∫ a2
a
[pi(a′,nf )−pi(a
′,ni)]da
′
(57)
Thus the stationary condition gives simply
pi(a∗, nf ) = pi(a
∗, ni) (58)
where the momenta are evaluate without the interaction hamiltonian, see eq. (11). Thus
the saddle radius a∗ is such that the two universes, characterized respectively by ni and
nf quanta, resonate. This is exactly like in eq. (54). Furthermore, this condition gives,
to all order in G,
Enf (a
∗) = Eni(a
∗) (59)
That is the two universes resonate when their matter energy coincide. This is as it
should be since the momentum of gravity is entirely specified by a and Eni , see eq. (11).
Thus for the amplitudes Bni(a2, a1; k) and An˜i(a2, a1; k), we get, instead of eq. (54),
∆m = ∓ k
a∗
(60)
Therefore, for the classically permitted transition A, the saddle radius a∗ is such that
the Doppler shifted conformal energy equals the energy gap ∆m. On the contrary, for
the forbidden transition B, the saddle a∗ is negative and not classically accessible. Both
are related to the solutions of eq. (54) if one introduces the classical trajectory of the
background a = a(t) = e−ht/h.
How the non classical saddle point condition is related to euclidian general relativity,
the entropy of gravity as derived in [33], and the change in the area induced by the
transition under investigation are interesting questions presently under examination.
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